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Abstract
We study the finite-size scaling of heavy-light mesons in the static limit. We compute two-
point functions of chiral current densities as well as pseudoscalar densities in the ǫ-regime of
heavy meson Chiral Perturbation Theory (HMChPT). As expected, finite volume dependence
turns out to be significant in this regime and can be predicted in the effective theory in terms
of the infinite-volume low-energy couplings. These results might be relevant for extraction of
heavy-meson properties from lattice simulations.
1. Introduction
The simulations of heavy-light mesons made out of a heavy quark (charm or bottom) and a
light one (up, down or strange) on the lattice are challenging because they require very large
volumes in order to keep systematic errors under control. The reason is that the dynamics
of these systems involve very distinct energy scales: the heavy-light (hl) meson mass, Mhl,
the light pion masses Mll and ΛQCD, that should all be kept sufficiently below the UV cutoff
(i.e. the inverse lattice spacing), and sufficiently above the infrared one (i.e. the lattice box
size). Both requirements can only be met in very large lattices.
If the heavy quark mass is sufficiently large a good effective description is provided by
heavy quark effective theory (HQET) [1, 2, 3], which is obtained in the limit of infinite heavy
quark mass, or static limit. In this limit, the scale Mhl disappears from the problem and the
UV cutoff can in principle be as low as the cutoff used to describe light meson dynamics.
Indeed this approximation has been extensively used to simulate heavy-light mesons in lattice
QCD (for a recent review on heavy flavour phenomenology from lattice QCD see [4]).
Whether the heavy quark is treated in the static limit or not, an obvious question is if we
can do better concerning the constraint on the box-size. After all, the finite-size scaling of
heavy-light systems should be dominated by light pions physics, since these are the lightest
modes in QCD. To the extent that pion physics can be described by chiral perturbation theory
(ChPT) , it is conceivable that finite-size scaling of heavy-light systems can be accurately
predicted using ChPT, as the finite-size scaling of light mesons is [5, 6, 7].
In this paper, we investigate the possibility to predict the finite-size scaling of heavy-light
systems, when the lightest pions are light compared to the inverse box size, from chiral
perturbation theory. We will consider this problem in two limiting situations depending on
the mass of the heavy quark:
• The heavy quark is significantly above the light one, but still treatable in ChPT: this
would correspond to considering hl mesons in the the mixed-regime introduced in [8].
• The heavy quark is static and therefore chiral dynamics can be treated in Heavy Meson
Chiral Perturbation Theory (HMChPT): this would correspond to considering hl static
mesons in the ǫ-regime.
Even though these two situations are physically very different, the pion dynamics responsible
for the finite-size scaling properties should be pretty much the same. It is therefore interesting
to see explicitly how a quantitative matching of the finite-size effects takes place, by comparing
the finite volume dependence of correlation functions in ChPT and HMChPT.
We consider the two-point function of left-handed current densities that will be computed
to next-to-leading order in the ǫ-regime in both effective theories. We will also consider the
two-point correlator of pseudoscalar densities to the leading order, since finite-size effects are
important already at this order. Anticipating the possible use of these results in simulations
we also present the results in the partially-quenched (PQ) case.
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The paper is organised as follows. In section 2 we present the results for the two-point
functions in the mixed-regime of ChPT, when the heavy quark is treated in the p-regime and
the light ones in the ǫ-regime, that is in the so called mixed-regime. In section 3 we discuss
the formulation of HMChPT in the ǫ-regime and present the results for the same correlators.
In section 7 we compare both results and discuss the implications. In section 8 we briefly
comment on the applications to lattice QCD and conclude in section 9.
2. Heavy-light mesons in the mixed-regime of ChPT
The goal of this section is to study the finite-size scaling of heavy-light mesons in ChPT,
when the light quarks are in the ǫ-regime. We assume that the meson is composed of a heavy
quark of mass mh and a light quark of mass ml and that both masses are very different
ml ≪ mh, but both can still be treated in the context of ChPT, that is
M2xy ≡
(mx +my)Σ
F 2
≪ (4πF )2, x, y = h, l. (2.1)
Under this hypothesis the finite-size effects at NLO are predictable by using the common
ChPT Lagrangian, that is:
LChPT = F
2
4
Tr
[
∂µU∂µU
†
]
− Σ
2
Tr
[
M†U + U †M
]
, (2.2)
plus the counterterms one has to consider at one loop that were found by Gasser and
Leutwyler and are proportional to the Low Energy Couplings (LECs) Li.[9]. The pseudo
Nambu-Goldstone bosons are parametrised by U ∈ SU(N), with N = Nl + Nh, being Nl
(Nh) the number of light (heavy) quarks. We have absorbed the vacuum angle θ in the light
quark masses. That is, the mass matrix M is:
M≡ {m1e
iθ
Nl , . . . ,mNle
iθ
Nl ,mNl+1, . . . ,mN} . (2.3)
The mesons are placed in a box of volume V = L3T , which is sufficiently large to contain the
typical QCD scale, and the heavy meson mass scale, but small compared to the lightest pion
mass:
MhlL≫ 1, MllL ≤ 1. (2.4)
In this situation it is expected that the finite volume effects associated to the scale Mhl are
exponentially suppressed, while those associated to Mll are not. This regime of ChPT has
been named mixed-regime in [8, 10], since some of the quarks are in the p-regime and some
in the ǫ-regime. A convenient power-counting for the quark mass and momentum in this
situation is
ml ∼ ǫ4, mh ∼ ǫ2, L−1 ∼ p ∼ ǫ , (2.5)
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so that the LO mass of the heavy-light mesons will be:
M2h ≡
mhΣ
F 2
∼ ǫ2 . (2.6)
We refer to [8, 10] for further details on the implementation of ChPT in the mixed-regime,
both in the full and partially-quenched theories. We just remind here that in this regime it
is convenient to parametrise the pion field U like:
U =
(
U0 0
0 1
)
e
2iξ
F , (2.7)
with the perturbative pion field ξ satisfying the condition:∫
d4xTr [T aξ(x)] = 0 if T a ∈ SU(Nl), a = 1, · · · , N2l − 1. (2.8)
In this way, the light zero modes to be treated non perturbatively are collected in U0, and
consequently they are dropped from ξ. In the references [8, 10] two different parametrisations
where used. We have explicitly tested the results with both of them.
In refs. [8, 10], the light-light meson correlators were computed. Here we extend this
computation to the two-point correlation functions of heavy-light left-handed currents and
pseudoscalar densities, to relative O(ǫ2) order:
Tr [T aT b]CJ(t) ≡
∫
d3x
〈
Ja0 (x)J
b
0(0)
〉
(2.9)
Tr [T aT b]CP (t) ≡
∫
d3x
〈
P a(x)P b(0)
〉
, (2.10)
where in QCD the current and pseudoscalar densities can be formally defined as
Jaµ ≡ ψ¯T aγµP−ψ, P a ≡ iψ¯T aγ5ψ, (2.11)
t represents the Euclidean time, x = (x, t), and P− ≡ (1 − γ5)/2. In order to represent a
heavy-light meson, T a is any traceless generator with one index in the light subsector and
the other one in the heavy one, for example:
(T a)ij =
1
2
(δihδjl + δilδjh). (2.12)
As usual, in ChPT these operators can be represented 1 to leading order in the momentum
expansion by
Jaµ =
F 2
2
Tr
[
T aU∂µU
†
]
, P a = i
Σ
2
Tr
[
T a
(
U − U †
)]
. (2.13)
1In order to simplify notation, we use throughout the same notation for the operators in QCD and their
representation in ChPT.
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These results are useful in their own right to describe for example kaon correlators in a finite
volume, when the s quark is in the p-regime and the u and d are in the ǫ-regime. We will also
be interested in isolating the finite volume effects that survive in the static limit mh → ∞,
which should match those obtained in HMChPT. In order to recover the results for various
full and partially-quenched situations of interest we consider the following computations:
• Case A.
Degenerate heavy quarks: the Goldstone manifold is SU(Nh + Nl), with Nh quarks
of mass mh and Nl quarks with masses ml (l = 1, · · · , Nl), with the counting rules
of Eq. (2.5). We can consider then the quenched limit of the heavy quarks by taking
the replica limit Nh → 0. These results should match in the mh → ∞ limit those of
HMChPT, where the heavy quarks are treated as static sources and all the light quarks
are in the ǫ-regime.
• Case B.
Non-degenerate heavy quarks: the Goldstone manifold is SU(Nh + Ns + Nl), with
Nh → 0 quarks of mass mh (i.e. the valence heavy quark), Ns sea quarks of mass ms
and Nl of masses mli , where both mh ∼ ms ∼ ǫ2. This can be matched to HMChPT
in the limit mh → ∞. This situation corresponds to having sea quarks both in the ǫ
and in the p-regimes, for example if one considers B or D mesons in 2+1 dynamical
simulations, where the s quark is in the p-regime and the u and d quarks are in the
ǫ-regime. We can also quench the light quarks Nl → 0 (quenching the heavy sea quarks
Ns → 0 is equivalent to Case A), which would then correspond to the study of D and B
mesons in a PQ mixed-action approach with sea quarks in the p-regime and the valence
light quark in the ǫ-regime.
2.1. Conventions
We describe in the following our conventions for the propagators that we use to write down
the results in a compact form.
The propagator for a pion with mass M is, in finite volume:
G(x,M) ≡ 1
V
∑
p
eipx
p2 +M2
. (2.14)
Since some zero modes are factorised in the mixed regime, we also need to consider propaga-
tors in which they have been subtracted:
G(x,M) ≡ 1
V
∑
p 6=0
eipx
p2 +M2
. (2.15)
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The singlet part of the propagator gives rise to the following functions:
E(x,Ns, Nl,M) ≡ 1
V
∑
p 6=0
eipx
(p2)2F (p,Ns, Nl,M)
− Ns
N2l VM
2
,
E(x,Ns, Nl,M) = − 1
V
∑
p 6=0
eipx
(p2)F (p,Ns, Nl,M)
, (2.16)
with  = ∂xµ∂xµ , and
F (p,Ns, Nl,M) ≡ Ns
p2 +M2
+
Nl
p2
. (2.17)
Once we integrate over space, the correlators exhibit exponential decay at large distances.
This is represented by the function:
P (t,M) ≡
∫
d3xG(x,M) =
cosh
[
M
(
T
2 − |t|
)]
2M sinh
[
MT
2
] , (2.18)
when the pion running in the line has a mass of order ǫ2, or by:
Th1
(
t
T
)
≡
∫
d3xG(x, 0) =
T
2
[( |t|
T
− 1
2
)2
− 1
12
]
, (2.19)
if the mass is of order ǫ4.
When two mesons propagate we need to introduce the function:
k00(M1,M2, t) ≡ 1
2
∑
p
{
2
dP
dt
(t,M1p)
dP
dt
(t,M2p)
−
(
P (t,M1p)
d2P
dt2
(t,M2p) + (M1 ↔M2)
)}
,
where we have introduced the shorthand Map ≡
√
M2a + p
2. This expression is substituted
by:
k00(M1, t) ≡ lim
M2→0
(
k00(M1,M2, t) +
P (t,M1)M
2
1
2TM22
)
, (2.20)
when M2 lays in the ǫ-regime.
2.2. Left-current correlator
Case A
5
The result for the left-correlator at NLO using the above definitions is:
C
(A)
J (t) =
F 2(A)
2
M2(A)P (t,M(A))
− T
2V
{(
Nh − 1
Nh
)
k00(Mh,Mhh, t) +
(
1
Nh
+
1
Nl
)
k00(Mh,Mηh , t)
+
(
Nl − 1
Nl
)
k00(Mh, t)
}
, (2.21)
where we have defined
F 2(A) ≡ F 2 −
1
2
(
Nh − 1
Nh
)
G (0,Mhh)− Nl
2
G (0, 0)− Nl +Nh
2
G (0,Mh)
−
(
1
2(Nl +Nh)
+
1
2Nh
)
G (0,Mηh) +
1
2
E(0, Nh, Nl,Mhh) + 8M
2
h(2L4Nh + L5), (2.22)
M2(A) ≡M2h
[
1− 1
F 2
(
8M2h(2L4Nh + L5 − 4NhL6 − 2L8)−
2Nh + 3Nl
3(Nl +Nh)2
G(0,Mηh )
+
1
6
E(0, Nh, Nl,Mhh)
M2h
)
− 2
µh
(
1
6Nl
− Nl
4
− µl
4
〈(U0 + U †0 )ll〉
)]
, (2.23)
and
µi ≡ miΣV, (2.24)
M2ηh ≡
Nl
Nl +Nh
M2hh, (2.25)
while M2h is defined in Eq. (2.6).
A few observations are in order. The UV divergences in F 2(A) and in M
2
(A) can be shown
to cancel in the renormalisation of the NLO couplings of Gasser and Leutwyler, L′is. We
have also checked that the result matches the result of [8] for non-degenerate quarks in the
ǫ-regime in the appropriate limit.
This result represents the finite-size scaling of kaon-like states (mh = ms and ml = mu =
md) in the mixed-regime for various situations:
• 2 + 1 dynamical simulations setting: Nh = 1, Nl = 2,
• PQ simulations where the h quarks are quenched and the l quarks are dynamical by
taking the replica limit Nh → 0 of Eq. (2.21),
• PQ simulations where the l quarks are all quenched or partially quenched, while the h
quarks are dynamical. In this case, the appropriate value of Nl must be taken, but also
the zero-mode integrals 〈(U0 + U †0 )ll〉 need to be properly defined 2.
2Note that one cannot consider a fully quenched theory with Nh = Nl = 0 on the basis of Eq. (2.21),
because the singlet has been integrated out[11].
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We discuss now the result of the zero-modes integrals 〈(U0 + U †0 )ll〉 (for further details see
[12, 10]). In order to treat the situation where some light quarks might be quenched, we
distinguish within the light (ǫ-regime) sector Nl sea quarks and Nq quenched ones. When
restricting to a topological sector ν, the averages in all the cases described above can be
obtained in a compact and general form, in terms of the partition functional [13, 14]:
ZνNq,Nl+Nq({µi}) =
det[µj−1i Jν+j−1(µi)]i,j=1,···2Nq+Nl∏Nq
j>i≥1(µ
2
j − µ2i )
∏2Nq+Nl
j>i≥Nq+1
(µ2j − µ2i )
, (2.26)
and its derivatives. Here J ’s are defined as Jν+j−1(µi) ≡ (−1)j−1Kν+j−1(µi) for i = 1, · · ·Nq
and Jν+j−1(µi) ≡ Iν+j−1(µi) for i = Nq + 1, · · · 2Nq +Nl, where Iν and Kν are the modified
Bessel functions. For the observable of interest here, the result in the theory with all the
light quarks dynamical is:
〈(U0 + U †0 )ll〉ν
2
≡ ∂
∂µl
lnZν0,Nl+0({µl}) , (2.27)
while in theories where the valence light quark is quenched is:
〈(U †0 + U0)vv〉ν
2
≡ lim
µ′v→µv
∂
∂µ′v
lnZν1,1+Nl(µv, µ′v, {µl}). (2.28)
Case B
In this case we will denote respectively the squared mass of the heavy-light mesons and the
decay constant at NLO by M2(B) and F(B). The result in case B in the replica limit Nh → 0
is:
C
(B)
J (t) =
F 2(B)
2
M2(B)P (t,M(B))
− T
2V
{(
Nl − 1
Nl
)
k00(Mh, t) +
M4hhNsN
Nl(M
2
hhN −M2ssNl)2
k00(Mh,Mηs , t)
+
M4ssNl +M
4
hhN − 2M2hhM2ssN
(M2hhN −M2ssNl)2
k00(Mh,Mhh, t) +Nsk00(Ms,Mhs, t)
− M
2
hh(M
2
hh −M2ss)
(M2hhN −M2ssNl)
(
d
dM22
k00(Mh,M2, t)
)
M2=Mhh
}
, (2.29)
where we have defined the shorthand
M2ηs =
Nl
Nl +Ns
M2ss, (2.30)
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and N = Ns +Nl, while
F 2(B) = F
2 − Ns
2
G (0,Mhs)− Ns
2
G (0,Ms)− Nl
2
G(0, 0) − Nl
2
G(0,Mh) +
1
2
Eǫ(0, Ns, Nl,Mss)
+8(M2hL5 +NsL4M
2
ss) +
1
2
(
NsM
2
ssM
2
hh
(NM2hh −NlM2ss)2
− M
2
hh −M2ss
NM2hh −NlM2ss
)
G(0,Mhh)
−
(
1
2N
+
NsM
2
ssM
2
h
(NM2hh −NlM2ss)2
− M
2
hh −M2ss
2(NM2hh −NlM2ss)
)
G(0,Mηs )
−M
2
h(M
2
ss −M2hh)
NM2hh −NlM2ss
d
dM2hh
G(0,Mhh), (2.31)
M2(B) = M
2
h
[
1− 1
F 2
(
8M2ssNs(L4 − 2L6) + 4M2hh(L5 − 2L8)−
(M2hh −M2ss)
NM2hh −NlM2ss
G(0,Mhh)
+
1
6
Eǫ(0, Ns, Nl,Mss)
M2h
+
(
M2ssNs
6N2M2h
− 1
N
+
M2hh −M2ss
NM2hh −NlM2ss
)
G(0,Mηs )
)
− 2
µh
(
1
6Nl
− Nl
4
− µl
4
〈(U0 + U †0 )ll〉
)]
. (2.32)
We have performed several consistency checks of these results. For ms = mh Case A is
recovered. UV divergences do cancel. We recall that G(0, 0) has no divergences in dimensional
regularisation, and it is given by [15]:
G(0, 0) ≡ − β1√
V
, (2.33)
where β1 is a so-called shape coefficient, which depends on T/L.
In the replica limit Nl → 0, this result represents the finite-size scaling of kaon-like correlators
in PQ simulations where the Ns sea quarks are in the p-regime, while the light valence quarks
are in the ǫ-regime, a setup that might be useful in mixed-action simulations.
In either case A or B, we expect these predictions to match the ones of HMChPT in
the limit mh →∞, since this should recover a static limit of the valence quark. Indeed, the
leading volume dependence in F(A) and F(B) orM(A) andM(B) can be shown to be associated
to the light sector only and therefore should be independent of the heavy mass scale. We will
explicitly show how this happens in section 7.
2.3. Pseudoscalar correlator
Another interesting observable is the pseudoscalar density correlator as regards the finite
volume dependence, because finite-size effects appear already at the leading-order as opposed
to the correlator of the left current, where they appear first at NLO.
The result at LO in the chiral expansion is the same for cases A and B:
CP (t) =
Σ2
2F 2
P (t,Mh)
[
〈(U0 + U †0)ll〉+ 2
]
. (2.34)
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In this case, it is trivial to see that all the significant volume dependence comes from the
zero-mode averages, which involve only the light sector.
3. Static heavy-light mesons in finite volume HMChPT
The effects of pion dynamics in the properties of static heavy-light mesons can be predicted
in HMChPT [16, 17, 18]. Most calculations of chiral corrections have been done in infinite
volume. The authors of [19] considered also chiral corrections in B parameters of neutral B
meson mixing and heavy-light decay constants in a finite volume, but in the p-regime. We
want to go further into the chiral limit by considering the ǫ-regime for the light quarks. As
far as we know, this regime has not yet been explored in HMChPT. However part of the
technology we have used was developed in [20] to perform ǫ-regime calculations in baryon
ChPT. We present our NLO results for left-current correlators in the p-, ǫ- and mixed regimes,
and LO results for pseudoscalar density correlator.
3.1. Formulation and conventions
In the limit in which the mass of the heavy quark mh goes to infinity it is expected that
QCD simplifies. For example the interactions among the quark and the antiquark in a
meson become spin independent, and if we consider processes in which only low momenta
are involved, the heavy antiquark (or quark, if one prefers) can be decoupled. An effective
field theory to analyse this situation can be built by rewriting the heavy-quark momentum
pµ as: pµ = mhvµ+ kµ and keeping only the leading term in the residual momentum kµ/mh.
To recover the peculiarities of QCD, for example the chromomagnetic interactions, one has
to rewrite the QCD Lagrangian as a series in powers of kµ/mh and consider also those terms
that vanish in the mh →∞ limit, up to the required degree of precision.
In this work we have just considered the leading order in the above expansion. In such a
case, the interactions with the pions are not able to modify the unitary velocity vµ of the
heavy-light mesons. We adopt a covariant representation, where the degenerate pseudoscalar
and vector states are treated as a single field H which is usually labelled by v and the flavour
a = 1, · · · , Nl of the light quark. In the Euclidean space we have 3
Hav =
(
1− ivργρ
2
)
[−iP a∗µ γµ − iP aγ5], (3.1)
H
a
v = [−iP a∗†µ γµ − iP a†γ5]
(
1− ivργρ
2
)
, (3.2)
3While the formulation in Minkowsky space can be exhaustively found in the standard literature (see
e.g.[21, 22]), we find useful to start from the beginning with the formulation in the Euclidean space. Notice
however that for v 6= 0 the Euclidean formulation is problematic [23, 24], and only the case v = (0, i) will be
considered.
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where P ∗ and P represent respectively the vector and the pseudoscalar mesons, and P ∗
satisfies:
v · P ∗ = 0 . (3.3)
The four-velocity v = (v, v4) satisfies the condition v
2 = −1; the rest frame corresponds to
v = (0, i). We use the conventional HQET normalisation of the states
〈Hav |Hbv′〉 = 2v4(2π)3δvv′δab, (3.4)
according to which H fields have mass dimension -3/2. For simplicity, we drop the v label
from here on.
The Euclidean Dirac matrices are chosen to be Hermitean,
γ†µ = γµ, γ5 = γ
†
5 = γ1γ2γ3γ4, (3.5)
and satisfy the anticommuting relations
{γµ, γν} = 2δµν . (3.6)
The projector (1− ivργρ)/2 in Eqs.(3.1,3.2) retains only the particle component of the heavy
quark.
In a theory with Nl light quarks, and when dealing only with light mesons, one usually
parametrises them with an SU(Nl) matrix U = exp(2iξ/F ). If we rotate in flavour space the
left (right) handed light quarks by a special unitary matrix L (R), the U field will transform
like U → LUR†. As it is well known, when dealing with heavy-light mesons it is convenient
to use the field
√
U to avoid that the parity transformation involves the pseudo-Goldstone
boson field [16, 17, 18].
√
U transforms like
√
U → L√UW † or √U →W√UR†, where W is
a complicated function of R, L and the meson field ξ. Then H transforms as:
H → HW † . (3.7)
To write more easily a chiral invariant Lagrangian we build combinations of ξ, that like H,
only transform with W or W † under chiral rotations:
Vµ ≡ i
2
(
√
U
†
∂µ
√
U +
√
U∂µ
√
U
†
), Vµ → WVµW † + iW∂µW †, (3.8)
Aµ ≡ i
2
(
√
U
†
∂µ
√
U −
√
U∂µ
√
U
†
), Aµ →WAµW † . (3.9)
Then, at leading order in 1/mh, a Lagrangian that is both Lorentz and chiral invariant is:
L(0)HMChPT = iTr[H
a
vµ(∂µδ
ab + iVbaµ )Hb]− igπTr[HaHbγ5γνAbaν ]. (3.10)
The dynamics of the pseudo Nambu-Goldstone bosons is still given by the chiral Lagrangian
in Eq. (2.2).
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From the kinetic part of Eq. (3.10) one can extract the P and P ∗ propagators. For v = (0, i)
we obtain
〈P a(x)P b†(y)〉 = δabV (x− y) (3.11)
〈P a∗µ (x)P b∗†ν (y)〉 = δabV (x− y)(δµν − δµ4δν4), (3.12)
where V (x− y) = 12δ(x − y)θ(x4 − y4). See App. A.1 for a more detailed discussion.
The term of the Lagrangian in Eq. (3.10) proportional to gπ represents the interaction of P ,
P ∗ with an odd number of pseudo-Goldstone bosons. In particular, by expanding
√
U = eiξ/F (3.13)
we obtain the P ∗Pξ and P ∗P ∗ξ couplings
L(0)HMChPT = ...+
2igπ
F
∂νξ
ba
(
P a†P b∗ν − P a∗†ν P b
)
+
2gπ
F
∂νξ
baP a∗†α P
b∗
β ǫαλβνvλ (3.14)
at leading order in the 1/mh expansion. Note that the PPξ coupling vanishes because of
parity. We adopt the convention
ǫ1234 = 1. (3.15)
There are several determinations of gπ on the lattice, in the quenched case [25, 26, 27] and
more recently in full QCD [28, 29, 30].
A number of operators can appear at next-to-leading order in the chiral expansion [31],
however, if we omit contact terms, the only ones relevant to us are:
δL(2)HMChPT = −2σ1Tr[HM˜H]− 2σ′1Tr[HH]Tr[M˜]. (3.16)
where M˜ has been defined as:
M˜ ≡ 1
2
(
√
UM†
√
U +
√
U
†M
√
U
†
). (3.17)
The operator with the quantum numbers of the left current made of a heavy quark and a
light antiquark with flavour index l, with the minimum power of H fields derivatives and
mass insertions is:
J lµ ≡
a
2
Tr[γµP−(H
√
U
†
)l] . (3.18)
At leading order, the normalisation constant a is related to the pseudoscalar meson decay
constant FP and the corresponding mass MP by the relation
a = FP
√
2MP . (3.19)
The vector meson decay constant is then given by
FP ∗ =MPFP , (3.20)
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while for the masses one has MP ∗ =MP .
To represent the left current at NLO additional terms appear [31]:
δJ lµ =
aη0
4
Tr[γµP−(HM˜
√
U
†
)l] +
aη3
4
Tr[γµP−(H
√
U
†
)l]Tr[M˜] , (3.21)
that absorb the UV divergences.
In the static case, v = (0, i) the heavy-light left current correlator takes the form
QµνCl(I)J (t) ≡
∫
d3x
〈
J lµ(x)J lν(0)
〉
, Qµν ≡ (−δµν + 2δµ4δν4) , (3.22)
where
J lµ ≡
a
2
Tr[γµP−(
√
UH)l] . (3.23)
Using this notation we isolate the time dependence in Cl(I)J (t) for later comparison with the
mixed-regime result. We will use the index I = p to indicate the case where all light quarks
are in the p-regime and I = ǫ, where all are in the ǫ-regime. Moreover, we will consider the
case when some light quarks are in the p-, others are in the ǫ-regime, and denote it by I = m.
We are interested in the cases I = ǫ and I = m, with ǫ-regime valence quarks, which should
match respectively the mh →∞ limit of cases A and B in the ChPT computation.
Similarly, at leading order in the momentum/mass expansion, the operator representing
the pseudoscalar density is
P l ≡ ia
4
Tr
[
γ5H
b
(√
U
bl
+
√
U
† bl
)]
, (3.24)
where a is the normalisation factor defined in Eq. (3.19). In the case where all light quarks
are in the ǫ-regime, we will give the LO result for the correlator
ClP (t) ≡
∫
d3x
〈
P l(x)P l(0)
〉
, (3.25)
with
P l ≡ ia
4
Tr
[
γ5H
b
(√
U
bl
+
√
U
† bl
)]
. (3.26)
Note that we are using calligraphic characters to denote quantities calculated in HMChPT
to distinguish them from the corresponding quantities of ChPT.
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4. HMChPT in p-regime
We consider HMChPT with Nl degenerate light quarks of mass m lying in the p-regime.
Making use of the space integrals given in App. A.2 we obtain, for t 6= 0:
C(p)lJ (t) = θ(t)
a2
8
exp
(
−∆M (p)t
){
1 + 2m(η0 +Nlη3)
+
1
2F 2L2
(
Nl − 1
Nl
)
1
L
∑
p
[
(P (t,Mp)− P (0,Mp))
(
1 + g2π
p2
M2
p
)]}
,
(4.1)
with M2 = 2mΣ/F 2 and Mp =
√
M2 + p2, while
∆M (p) ≡ 2m(σ1 +Nlσ′1) + g2π
M2
4F 2L3
(
Nl − 1
Nl
)∑
p
1
M2
p
. (4.2)
The function P has been already defined in Eqs. (2.18).
In dimensional regularisation
∑
p
P (0,Mp) and
∑
p
P (0,Mp)M
−2
p
contain divergences,
while
∑
p
M−2
p
is finite. To show this we rewrite:
P (0,Mp) =
1
2Mp
(
1 +
2
eMpT − 1
)
, (4.3)
and define in s dimensions:
Gs,r(0,M) ≡ 1∏s
i=1 Li
∑
p
1
(p2 +M2)r
. (4.4)
where in our case L1,2,3 = L,L4 = T . In the MS scheme we get:
G4,1(0,M) = 2M
2λ(µ) +
M2
(4π)2
ln
M2
µ2
+GV4,1(0,M), (4.5)
G3, 3
2
(0,M) = −8λ(µ)− 1
4π2
(
ln
M2
µ2
+ 1
)
+GV
3, 3
2
(0,M), (4.6)
G3,1(0,M) = −M
4π
+GV3,1(0,M). (4.7)
(4.8)
In this expression λ(µ) contains the divergence,
λ(µ) ≡ 1
16π2
µ4−d
[
1
d− 4 −
1
2
(ln(4π) + Γ′(1) + 1)
]
, (4.9)
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while GVn,r contains the finite volume dependence, which can be expressed as a series of Bessel
functions:
GV4,1(0,M) ≡
1
4π2
∑
n 6=0
M
|z|K−1(M |z|) (4.10)
GV
3, 3
2
(0,M) ≡ 1
2π2
∑
n 6=0
K0(M |z|) (4.11)
GV3,1(0,M) ≡
1
(2π)
3
2
∑
n 6=0
√
M
|z|K− 12 (M |z|) (4.12)
where z = (n1L1, · · · , nsLs), {ni ∈ Z ; i = 1, · · · , s}.
It can be shown that:
1
L3
∑
p
P (0,Mp) = G4,1(0,M),
1
L3
∑
p
P (0,Mp)
M2
p
=
1
2
G3, 3
2
(0,M) +
1
L3
∑
p
M−3
p
eMpT − 1 . (4.13)
Defining the renormalised coupling:
ηi = η
(r)
i + ηiλ(µ) , (4.14)
and requiring the cancellation of UV divergences we obtain, in agreement with [32]4
η¯0 +Nlη¯3 =
Σ
F 4
(
Nl − 1
Nl
)
(1 + 3g2π) . (4.15)
Obviously one can also reproduce the infinite volume result by taking the limits T, L→∞.
5. HMChPT in ǫ-regime
5.1. Setup
We consider now Nl light quarks lying in the ǫ-regime. In this regime it is convenient to use
the following parametrisation for the pseudo Nambu-Goldstone fields:
U = U0e
2iξ
F (5.1)
for which the integration measure is known up to NLO [33] and gives no contribution to our
observables. Here ξ contains the non zero modes of the pions and is a perturbative field ξ ∼ ǫ.
4Note that there is no standard convention for the normalisation of the couplings η¯0 and η¯3.
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The complication, in heavy-light mesons calculations, is that we need to express
√
U as a
function of
√
U0 and ξ, up to ǫ
2 corrections. The solution can be written in the form:
√
U =
√
U0
(
1 +
iA
F
− B
2F 2
)
+O(ǫ3) (5.2)
where A and B are Hermitian matrices (A is also traceless), respectively of order ǫ and ǫ2,
linear and quadratic in the components of ξ. Imposing:(√
U
)2
= U +O(ǫ3) (5.3)
we obtain the system of 2N2l − 1 equations:
A+
√
U0
†
A
√
U0 = 2
√
U (5.4)
B +
√
U0
†
B
√
U0 = 4
√
U
2 − 4
√
UA+ 2A2 (5.5)
which can be solved in a particular system of coordinates for U0.
We have not found a simple way to solve the equations for general Nl, so we have considered
the particular case of SU(2), that is Nl = 2. One convenient choice for this group is to use
the hyperspherical coordinates:√
U0 = cosψ + i sinψ sin θ cosφσ1 + i sinψ sin θ sinφσ2 + i sinψ cos θσ3 , (5.6)
where σi are the Pauli matrices and the angle ranges are:
ψ ∈ [0, π], θ ∈ [0, π], φ ∈ [0, 2π] . (5.7)
Note that to parametrise U0 we just need to extend the range of ψ: ψ ∈ [0, 2π].
As usual, it is worth to perform the contractions of the non zero modes first and then
perform the non perturbative integrations of ψ, φ and θ over the range specified by (5.7).
The Haar integration measure to be used for the zero modes is, in hyperspherical coordinates:∫
[DU0] = 1
π2
∫
d4aδ(a2 − 1) = 1
2π2
∫
dψdθdφ sin2 2ψ sin θ (5.8)
where a is defined through U0 = a0 + ia · σ.
5.2. Left-current correlator
If all light quarks are in the ǫ-regime and for Nl = 2 we obtain
C(ǫ)lJ (t)|Nl=2 = θ(t)
a2
8
exp
(
−∆M (ǫ)t
)[
1 +
3
4
1
(FL)2
(
H(t, L, T ) + g2πH
′(t, L, T )
) ]
. (5.9)
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where
H(t, L, T ) ≡ L2
 T
L3
h1
(
t
T
)
+
1
L3
∑
p6=0
P (t, |p|) −G(0, 0)
 ,
H ′(t, L, T ) ≡ 1
L
∑
p6=0
(P (t, |p|)− P (0, |p|)) . (5.10)
and
∆M (ǫ) ≡ 3g
2
π
8F 2L3
. (5.11)
The functions h1 and P are defined in Eq. (2.19), (2.18), while the propagator G(0, 0) is
given in Eq. (2.33).
This expression contains no divergences in dimensional regularisation. It is interesting to
stress the fact that the zero-mode integrals that contribute to various diagrams, nicely cancel
in the sum of all contributions. In particular this means that the current correlator loses any
dependence on quark masses close enough to the chiral limit, which also means no dependence
on the topological sector.
This result may be used to predict the behaviour of a correlator of left currents with the
quantum numbers of the B meson, in a finite volume such that the u and d quarks are in the
ǫ-regime.
In Fig. 1, we show the ratio of the finite-volume to infinite volume correlator at t = 1 fm as
a function of the volume for two boxes and two values of gπ (gπ = 0 and gπ = 0.44, as recently
computed on the lattice by [30]). Corrections are O(3− 4%) at 2 fm, and the dependence on
gπ is mild.
In Fig. 2, we show the time dependence of the correlator after factoring out the exp(−∆M (ǫ)t)
(we will see later in Sec. 8 that in any real fit to lattice data, ∆M (ǫ) would renormalise the
static energy Estat).
5.3. Pseudoscalar density correlator
For the pseudoscalar density, the result at the LO for arbitrary Nl is found to be:
ClP (t) =
a2
8
θ(t)
[
〈(U0 + U †0 )ll〉+ 2
]
. (5.12)
6. HMChPT in mixed-regime
6.1. Setup
In order to keep into account the effects due to the strange quark in heavy-light systems it
is convenient to apply the power counting introduced in [8] and reviewed in section 2. To
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Figure 1: Ratio of C(ǫ)lJ (t = 1fm) at fixed volume normalised to the ∞ volume result as a
function of L for two boxes with T = L (solid) and T = 2L (dashed), and for gπ = 0.44 (thick
lines) [30] and gπ = 0 (thin lines). We have fixed Σ = (250 MeV)
3, F = 90 MeV.
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Figure 2: 4C(ǫ)lJ (t)/(a2 exp(−∆M (ǫ)t)) as a function of t/T for T = L = 2 fm, and for
gπ = 0.44 (thick line) [30] and gπ = 0 (thin line).
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implement it in HQET, at least in the Nl = 2, Ns = 1 specific case does not require more
technology than the one introduced in the previous section.
In practice all the steps described in the previous section must be applied again to the
parametrisation given in Eq. (2.7).
6.2. Left-current correlator
In this case the SU(3) vectorial symmetry is explicitly broken by the fact that 2 light quarks
have mass ml lying in the ǫ-regime while the one playing the role of the strange has a mass
ms in the p-regime. This explains why the result is different depending on which light quark
appears in the external line. As before we first consider the case in which l = 1, 2. This result
represents the correlator of a left current with the quantum numbers of a B or a B∗ in the
context of 2+1 light flavours. We obtained:
C(m)1,2J (t) = θ(t)
a2
8
exp
(
−∆M (m1)t
){
1 + 2msη3 +
+
1
2F 2L2
[
3
2
(
H(t, L, T ) + g2πH
′(t, L, T )
)
+
+
1
L
∑
p
(
(P (t,Msp)− P (0,Msp))
(
1 +
g2πp
2
M2sp
))
+
1
6
1
L
∑
p
(
(P (t,Mηsp)− P (0,Mηsp))
(
1 +
g2πp
2
M2ηsp
))]}
, (6.1)
where Mηs has been defined in Eq. (2.30) and
∆M (m1) ≡ 2msσ′1 +
g2π
4F 2L3
(
3
2
+
∑
p
M2s
M2sp
+
1
6
∑
p
M2ηs
M2ηsp
)
. (6.2)
This correlator will be matched with the predictions from the mixed ChPT, case B.
In Fig. 3, we show the ratio of the finite-volume to infinite volume correlator as a function
of the volume for two boxes and two values of gπ in the mixed regime. We have set Nl = 2 and
Ns = 1. The corrections are qualitatively similar to those in the ǫ-regime and quantitatively
a bit larger.
In Fig. 4, we show the time dependence of the correlator after factoring out the exp(−∆M (m1)t).
Another reason why HMChPT is useful is to predict the relation between observables re-
lated to the B (B∗) and the Bs (B
∗
s ). So we add for completeness also the results representing
the correlator C(m)3J (t) of two left currents with the quantum numbers of a Bs (or a B∗s ). In
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Figure 3: Ratio of C(m)1J (t = 1fm) at fixed volume normalised to the ∞ volume result as
a function of L for two boxes with T = L (solid) and T = 2L (dashed), and for gπ = 0.44
(thick lines) [30] and gπ = 0 (thin lines). The fact that the curves for T = 2L for gπ = 0 or
0.44 nearly coincide is accidental.
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Figure 4: 4C(m)1J (t)/(a2 exp(−∆M (m1)t)) as a function of t/T for T = L = 2 fm, and for
gπ = 0.44 (thick line) [30] and gπ = 0 (thin line).
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this case we obtain
C(m)3J (t) = θ(t)
a2
8
exp
(
−∆M (m3)t
){
1 + 2ms(η0 + η3)
+
1
F 2L2
[
1
L
∑
p
(
(P (t,Msp)− P (0,Msp))
(
1 +
g2πp
2
M2sp
))
+
1
3
1
L
∑
p
(
(P (t,Mηsp)− P (0,Mηsp))
(
1 +
g2πp
2
M2ηsp
))]}
, (6.3)
where
∆M (m3) ≡ 2ms(σ1 + σ′1) +
g2π
2F 2L3
(∑
p
M2s
M2sp
+
1
3
∑
p
M2ηs
M2ηsp
)
. (6.4)
Note that also in this case even though the various diagrams do depend on ml, the final result
does not.
7. Matching of HMChPT and ChPT
Dominant finite-size effects in QCD are due to pion dynamics, since these are the lightest
degrees of freedom. It is therefore expected that the finite-size scaling of heavy-light systems
does not depend on the large energy scales related to the heavy quarks, ie. Mhh or Mhl.
This must be the case as long as those scales are significantly larger than L−1. Whether
these scales are much larger also than the QCD scale so that the static limit (HQET) is a
good approximation, or not, should not matter a priori for the finite-size scaling properties,
because the volume dependence arises from the propagation of the light degrees of freedom.
The leading finite volume effects are therefore expected to come from the fact that the
heavy meson can emit and absorb a pion. The probability for this to happen can however
depend on the heavy mass scale. Close enough to the chiral limit, the masses of pseudoscalar
mesons are suppressed by the spontaneous breaking of chiral symmetry, so, for example, we
do not need to include the vector mesons in the effective theory, because they are much
heavier and decouple. On the other hand, in the limit mh → ∞ pseudoscalar and vector
mesons are degenerate, because the interaction between quark and antiquark inside the meson
becomes spin independent, so they both need to be considered in HMChPT. The presence
of heavy-light vector resonances can modify the finite volume effects indirectly by inducing
unsuppressed contributions to pion/heavy-light meson scattering. We will see that indeed the
finite-size corrections in HMChPT and mixed ChPT match up to corrections proportional to
g2π.
Real c and b quarks are somewhere in between these limits, where no effective description is
very accurate. We may ask whether it is possible to give a description of finite size effects in
22
this intermediate regime. In particular, there might be other resonances to consider[34]. Us-
ing general arguments it was shown in [35] that the pseudoscalar meson remains the lightest
state for every value of the quark masses. Moreover if the heavy quark is in the non relativis-
tic regime, we can say that the axial and scalar mesons (made of the same quark-antiquark
couple) are heavier because they are in a higher angular momentum state. Experiments
show that this peculiarity persists for heavy-light mesons whose heavy quark is a strange or
a charm, the mass difference among the vector meson and the axial one being always of order
of 400 MeV [36].
Finally the fact that exotic states may play a significant role is disfavoured by large Nc argu-
ments [37] saying that quark bilinears amplitude to produce them (like a qqqq) is suppressed.
To sum up it seems plausible to consider a scenario in which the current correlator has two
channels, a pseudoscalar and a vectorial one. The vectorial one could be integrated out for
quark masses that are small compared to ΛQCD. Indeed it is known [36] that while the
Ks weight approximately 500 MeV the K∗s weight approximately 900 MeV and while pions
weight 140 MeV the ρs weight 770 MeV.
However the vectorial channel becomes more and more relevant as the mass of the heavy
quark grows, because the mass difference between pseudoscalar and vector mesons dimin-
ishes: if for K mesons it is about 400 MeV, for Ds it is about 150 MeV, while for Bs it is
only 50 MeV.
We consider now how the matching works in the two examples considered. Given any
meson two-point function, the first point to realise is that a finite static limit is recovered
after factorising out the leading e−M |t|, where M is the mass of the heavy meson and t is the
temporal separation between the two mesonic sources.
7.1. Pseudoscalar two-point function
Let us start with the pseudoscalar correlator at LO, which is given in Eq. (2.34) for the
mixed ChPT case and in Eq. (5.12) for the HMChPT case. The first thing we observe is
that the contribution of the zero modes, in particular the factor[
〈(U0 + U †0)ll〉+ 2
]
(7.1)
appear in both correlators. This shows that the zero modes contributions match in the two
frameworks.
Moreover, if we use the expansion
lim
M→∞
P (t,M2)→ θ(t)e
−Mt
2M
+O (e−MT ) , (7.2)
in Eq. (2.34) we obtain
lim
Mh→∞
CP (t)→ Σ
2
4F 2Mh
θ(t)e−Mht
[
〈(U0 + U †0)ll〉+ 2
]
. (7.3)
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After factorising out the exponential e−Mht we find that also the time-dependence matches
exactly the one predicted by the HMChPT in Eq. (5.12). The matching of the coefficient
gives
a2
2
=
Σ2
F 2Mh
= F 2Mh(
Mh
mh
)2, (7.4)
which in the heavy quark mass limit Mh ∼ mh is consistent with the definition in Eq.(3.19),
a2/2 = F 2PMP . Since in the static limit there is no time dependence at LO, we have that the
ratio of correlation functions at different volumes V1 and V2 is given by
ClP (t)|V1
ClP (t)|V2
=
〈(U0 + U †0)ll〉+ 2|V1
〈(U0 + U †0)ll〉+ 2|V2
(7.5)
in both regimes of the heavy quark mass.
7.2. Left-current two-point function
We consider the matching for the Dirac components µ = ν = 4 for which we have the ChPT
result.
What can be matched is the dependence of the correlators on the volume, that is L and
T and the masses of the up, down and strange quarks, because these are explicit degrees
of freedom in both effective theories. Moreover, since we only consider the static limit of
HMChPT, we have to drop from the ChPT result those contributions that are suppressed by
negative powers of mh. We expect that the ǫ regime (I = ǫ) HMChPT result should match
to case (A) in the mixed-regime computation, while the I = m result in HMChPT should
match case (B).
• Case A:
In order to match Eqs. (5.9) and (2.21), the L, T dependence must be the same in both
cases. For the mixed ChPT framework, we split the contribution due to the heavy pions
from the rest in Eqs. (2.22) and (2.23) and write:
F 2(A) = F
2
(mh, Nl)− 1
2
(
Nl − 1
Nl
)
G(0, 0) +O(m−1h ), (7.6)
M2(A) = M
2
h(mhNl) +O(m
−1
h ). (7.7)
F and Mh have absorbed the dependence on the heavy quark mass. The static limit
of the mixed ChPT case in Eq. (2.21) is, for t > 0:
C
(A)
J (t)
exp(−Mht)
=
F
2
Mh
4
[
1 +
1
2F 2L2
(
Nl − 1
Nl
)
H(t, L, T )
]
, (7.8)
where H(t, L, T ) is the function of Eq. (5.10).
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For Nl = 2, the result is identical to the NLO prediction C(ǫ)J (t) in HMChPT (Eq. (5.9))
with the following identifications:
a = FP
√
2MP = F
√
2Mh, gπ = 0. (7.9)
The fact that at NLO we have to put gπ = 0 to match the two expressions reflects
the fact that the vector meson is integrated out in the chiral theory. In HMChPT the
vector and pseudoscalar are degenerate and therefore both are present. More generally
we would expect that in the intermediate regime the finite size scaling of the current
correlator behaves as
C(ǫ)J (t)|V1
C(ǫ)J (t)|V2
= 1 +
1
2F 2L21
(
Nl − 1
Nl
)
(H(t, L1, T1) + α(t, L1, T1,mh)) (7.10)
− 1
2F 2L22
(
Nl − 1
Nl
)
(H(t, L2, T2) + α(t, L2, T2,mh)) + ... (7.11)
where V1 = L
3
1T1 and V2 = L
3
2T2 and
limmh→0 α(t, L, T,mh) = 0,
limmh→∞ α(t, L, T,mh) = g
2
πH
′(t, L, T ). (7.12)
In the intermediate region the function α is unknown. However it should be possible
to compute it including the leading 1/mh corrections in HMChPT or even in ChPT
including the vector resonance, as a function of the vector meson mass and coupling.
We will not consider these regimes in the present work. Note however that for the value
of gπ obtained in a recent lattice computation in [30], gπ = 0.44, the contribution of
the term proportional to g2π (i.e. the difference between the thick and thin curves) in
Figs. 1-4 is not too large, and should decrease with decreasing mh.
• Case B :
We have to follow the same steps as above, but in addition to L and T , we expect to
reproduce also the dependence on ms, up to m
−1
h contributions. In the mixed ChPT
framework, we rewrite Eqs. (2.31) and (2.32) as:
F 2(B) = F
2
(mh, Nl +Ns)− 1
2
(
Nl − 1
Nl
)
G(0, 0) − Ns
2
G (0,Ms) + (7.13)
− Ns
2NNl
G (0,Mηs) + 8NsM
2
ssL4,
M2(B) = M
2
h(mh, Nl +Ns)−
8M2ssM
2
hNs(L4 − 2L6)
F 2
. (7.14)
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The mixed correlator in the static limit can then be written as:
C
(B)
J (t)
exp(−Mht)
=
F
2
Mh
4
exp
(
4M2ssMhNs(L4 − 2L6)
F 2
t
)
[
1 +
4NsM
2
ss
F 2
(L4 + 2L6) +
1
2L2F 2
(
Nl − 1
Nl
)
H(t, L, T )+
+
1
2L3F 2
(
Ns
∑
p
(P (t,Msp)− P (0,Msp)) + Ns
NlN
∑
p
(P (t,Mηsp)− P (0,Mηsp))
)]
.
One can check straightforwardly that, for Nl = 2 and Ns = 1, this coincides with the
correlator C(m1)1,2J (t) computed in HMChPT (Eq. (6.1)) with the identifications:
a = FP
√
2MP = F
√
2Mh,
gπ = 0,
η
(r)
3 =
4Σ
F 4
(L
(r)
4 + 2L
(r)
6 ),
σ′1 = −
4ΣMh
F 4
(L
(r)
4 − 2L(r)6 ). (7.15)
Note that the above relations are among renormalised quantities. Apart from some
finite volume effects due to the sea p-regime quarks, which are exponentially suppressed,
the volume dependence is identical to the one of Case A. So again we expect that for
any value of mh, Eq. (7.11) holds up to higher order chiral corrections and neglecting
exponentially suppressed terms in exp(−MsL).
8. Finite-size scaling of heavy-light mesons in lattice QCD
As we have seen above the matching of finite-size effects of heavy-light correlators in HMChPT
and ChPT works as expected. We are interested however in using these results to predict
the finite-size scaling of these correlators computed in lattice QCD. On the lattice, we can
include a relativistic or static heavy quark. In both cases we expect that for sufficiently large
time separations:
C latJ (t) ≡
∑
x
〈Jaµ(x)Jaµ(0)〉lat ≃ CllJ (t)×
1
2M
exp(−Mt), (8.1)
where M is the lightest heavy-light meson mass Mhl in the case of a relativistic heavy quark
or the so-called static energy, Estat =Mhl −mh in the lattice static limit.
Note that the value of Estat is not predicted by HMChPT, however in general we can write:
Estat = E
(0)
stat +∆M (8.2)
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where E
(0)
stat is the value the static energy would have in the chiral limit, while ∆M contains
the chiral corrections that are predicted by HMChPT, that we have presented for the various
cases considered, in Eqs. (4.2), (5.11), (6.2) and (6.4).
In practice this means that to fit a correlator evaluated with all the quarks in the ǫ-regime
using Eq.(5.9) one has to determine four parameters: a, F , E
(0)
stat and gπ. It remains to
be seen what the stability of such fits is in practice. The numerical challenge of extracting
signals over the noise when computing propagators of heavy mesons is well known. Recent
proposals to improve the situation have been discussed in [38, 39].
9. Conclusions
We have considered the finite-size scaling of heavy-light mesons, composed of a light quark in
the ǫ-regime. We have computed the left-current and pseudoscalar two-point functions in two
limiting regimes of the heavy quark mass: a small heavy quark mass such that the heavy-light
meson can be treated in the mixed-regime of ChPT, and the static limit where HMChPT
can be applied. We confirm the naive expectation that the dominant finite volume effects
are induced by the emission/absorption of light pions, and are to a large extent insensitive
to the value of the heavy quark mass. These results can be useful for matching lattice QCD
and ChPT or HMChPT in finite volumes not sufficiently large compared with the Compton
wavelength of the lighter pions. Our results can be used to consider also various partially-
quenched situations.
A. Space time integrations in HMChPT
To obtain the charge correlators from the current ones, one has to integrate the current
correlators over space. We report here the relevant results.
A.1. The finite volume propagator in the rest frame
In this section we want to obtain the propagator of the heavy-light mesons in Euclidean space
and at finite volume. The propagator of HQET is obtained by writing the four-momentum
of the heavy quark pµ as: pµ = mhvµ + kµ and keeping only the leading term in the residual
momentum kµ. We consider here the rest frame, where v = (0, 0, 0, i). For subtleties related
to the Euclidean formulation for v 6= 0 the reader can refer to [23, 24]. In order to obtain
the heavy quark propagator, one start from the Dirac quark propagator in coordinate space
and we take the heavy quark limit, which is given by
S∞(x) =
1
(2π)4
∫
d4p
eipx(−ipµγµ +mh)
(p2 +m2h)
→ Shq∞ (t) =
1 + γ4
2
∫ +∞
−∞
dp4
2π
eip4t
i(p4 − imh)
=
(A-1)
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=(
1 + γ4
2
)
θ(t)e−mht.
The projector (1 + γ4)/2 retains only the particle content of the heavy quark, and for this
reason the propagation in (A-1) is forward in time.
In the effective theory the exponential is factorised, and the static propagator at infinite
volume is [2]
V∞(x) =
1
(2π)4
∫
d4p
eipx
2i(p4 − iǫ) =
1
2
δ(x)θ(t) . (A-2)
We now consider a finite box V = L3T with periodic boundary conditions. Analogously to
(A-1), the finite-volume Dirac propagator in the heavy quark limit is given by
S(x)→ Shq(t) = 1 + γ4
2
1
T
∑
p4
eip4t
i(p4 − imh)
, (A-3)
that is, for 0 ≤ t < T ,
Shq(t) =
1 + γ4
2
[
θ(t)
e−mht
1− e−mhT
]
. (A-4)
In the mh →∞ limit, this reproduces the result of the infinite volume (A-1). Consequently,
in the rest frame, the finite heavy volume propagator is
V (x) =
1
2
δ(x)θ(t), (A-5)
which is exactly the propagator we obtain from the kinetic term of the HMChPT Lagrangian,
Eq. (3.10). The heavy propagator has the same form as in infinite volume: this is not
surprising, since it describes a static particle, which is not sensitive to the presence of a finite
box.
A.2. Space integrals (p-regime)
We present here the results for the integrals over space that are needed in finite-volume
HMChPT when the light quark is in the p-regime. V (x) represents the static propagator,
Eq. (A-5), while G(x,M) is the pion propagator of Eq. (2.14). The function P (t,M) is
defined in Eq. (2.18).
A1(t) ≡
∫
d3xV (x) =
1
2
θ(t); (A-6)
A2(t,M) ≡
∫
d3xV (x)G(x,M) =
θ(t)
2L3
[∑
p
P (t,Mp)
]
; (A-7)
A3;α(t,M) ≡
∫
d3x d4zV (x− z)V (z)∂xαG(x− z,M) =
= δα4
θ(t)
4
[
1
L3
∑
p
P (t,Mp)−G(0,M)
]
; (A-8)
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A4;αβ(t,M) ≡
∫
d3x d4z d4wV (x− z)V (z − w)V (w)∂zα∂wβG(z − w,M); (A-9)
A4;αβ(t,M) = 0 if α 6= β; (A-10)
A4;44(t,M) =
1
8
θ(t)
[
G(0,M) − 1
L3
∑
p
P (t,Mp)
]
; (A-11)
∑
α
A4;αα(t,M) = −M
2
8L3
θ(t)
∑
p
1
M2
p
[
t
2
+ P (t,Mp)− P (0,Mp)
]
; (A-12)
A5(t) ≡
∫
d3x d4zV (x− z)V (z) = 1
4
tθ(t); (A-13)
A6(t) ≡
∫
d3x d4z d4wV (x− z)V (z − w)V (w) = 1
16
t2θ(t). (A-14)
A.3. Space integrals (ǫ-regime)
In the ǫ-regime the integrals to be computed are the same as above, with G(x,M) substituted
by G(x, 0) defined in Eq. (2.15). We will denote the corresponding integrals by An(t) instead
of An(t,M). We have obtained:
A2(t) =
θ(t)
2L3
Th1( t
T
)
+
∑
p6=0
P (t, |p|)
 ; (A-15)
A3α(t) = δα4
θ(t)
4
 T
L3
h1
(
t
T
)
+
1
L3
∑
p6=0
P (t, |p|)−G(0, 0)
 ; (A-16)
A4;44(t) = −1
8
θ(t)
 T
L3
h1
(
t
T
)
+
1
L3
∑
p6=0
P (t, |p|)−G(0, 0)
 ; (A-17)
∑
α
A4;αα(t) = − 1
16
θ(t)
t2
V
; (A-18)
A4;αβ(t) = 0 if α 6= β . (A-19)
The function h1(t/T ) is defined in Eq. (2.19). Notice that no new integrals have to be
considered in the mixed-regime case.
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